Chapter 14
Multiple integrals

In this chapter we study the double integral and triple integral. First, we
define how to compute volumes of a solid by two methods: One by Carvalieri
principle and the other by double integral. Then we show the relation between
them. In fact, one can interpret the Carvalieri principle as an iterated integral
and show this equals the double integral. The triple integral can be treated

similarly.

14.1 Double integral over a rectangle

Double Integral of a function

When f(z,y) is a function over R, then the double integral of f is the
volume of the region above R and under the graph of f. But the double
integral of more general function (say continuous, or piecewise continuous) f

can be similarly defined.

Definition 14.1.1. Assume R = {(z,y): a < z < b,c <y < d}. Then we

Subdivide two intervals [a, ], [¢,d] into n -intervals
a=x0<x1<--<Tp=0b c=y<y<---<yp,=d.
We call the subrectangles R;j = [xi—1,%;] X [yj—1,y;] a partition of R and let
Ax; =x; —xi—1, Ay;=y; —yj-1.
Definition 14.1.2. Given any function f defined on R, and for any point c;;
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in R;; consider the sum

= Z f(cij)AAij, (141)

i,j=1

where AA;; = Ax;Ay; is the area of R;;. It is called Riemann sum of f
corresponding to the partition. Here ||P| = max; j{Ax;, Ay;} is called the

norm(size) of the partition.

(a,d) (b,d)

E Ay;

(a;c) (b.c)

Figure 14.1: A partition of a rectangle

Definition 14.1.3 (Double integral). If the sum S converge to the same limit
regardless of the points ¢;; and regardless of the partition, then f is called

integrable over R and we write its limit by

//Rf(:n’y) dA = |P|| Z f Cij Al'szj

These are also written as [, fdA or [[, f(x,y) dzdy.

In particular, if f(x) = 1 we define the area of a closed, bounded plane

A= [[ aa

Double integral as Volumes

region R is given as

If f(z) is nonnegative, we may interpret the double integral as the volume of
a solid region over R bounded by the surface z = f(z,y).

In particular, if f(z) = 1 we define the area of a closed, bounded plane

A://RdA.

region R is given as
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Reduction to iterated integrals - Fubini’s Theorem

Consider the volume of a solid under f over R = [a,b] X[c,d] as in figure
14.2. The cross section along x = x¢ is the set given by {(z¢,y,2)|0 < z <
f(zo,y), (¢ <y <d)}. The area of cross section is

d
Afw) = [ Flan,y)dy.
Hence by Cavalieri principle, the volume is

/abA(a:)dx:/ab [/cdf(x,y)dy] dz.

The expression on the right hand side is called an iterated integral. On the

other hand, if we cut it by the plane y = yg, then the volume becomes

/abA(y)dyz/cd [/abf(%y)dw] dy.

Since these two values are equal,

/ab [/Cdf(:n,y)dy} d:n:/cd [/abf(:n,y)dx} dy.

This is called Fubini’s theorem.

Figure 14.2: Fubini’s theorem by Cavalieri Principle
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Example 14.1.4. Evaluate

//R(x2 +y?)dedy, R=[-1,1] x [0,1].

/01 [/_ll(ﬁ + yz)daj} dy — g'

Now change the order to see the integrals are the same.

Example 14.1.5. Evaluate
// coszsinydzdy, S =0, z] x [0, E].
g 2 2

/2 /2
// cosxsinydxdy = / [/ cosa:sinydw] dy
s 0 0
w/2 /2 /2
= / siny [/ coswdw] dy:/ sinydy = 1.
0 0 0

Now change the order to see the result is the same (skip).

O

Theorem 14.1.6 (Fubini Theorem 1). Let f be continuous on R = [a,b] x
[e,d]. Then f satisfies

/ab [/Cdf(a:,y) dy} dr = /cd [/abf(x’y) dx} dy = //R f(z,y)dA.  (14.2)

Skip the proof.

Example 14.1.7. Find the volume of the region 0 < z < 1,0 < y < 1,
0<2<2—x—y.

First fix . Then the area of cross section with a plane perpendicular

to z-axis is
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So the volume is

r=1 y=1
V:/ A(:E)dl’:/ / (2 — 2 —y)dydx
0 z=0 Jy=0

1
1 271
:/ [2y—azy—y—} dx
0 2 |o

Change the order: You can fix y. Then the area of cross section with a

plane perpendicular to y-axis is

Hence the volume is

Example 14.1.8. Compute [[,(z? + y)dA, where A =[0,1] x [0,1].

sol.

(" +y)dA = 1 1(x2+y)dwdy= 1[ 1(x2+y)dw]dy= 1(1+y)dy=5
//R /0/0 /0 0 0o 3

Example 14.1.9. Find [, f(z,y) dedy. Here the function f = y(z® — 12z)
takes both positive and negative values and R is given by —2 < z < 1,
0<y<L

sol.

3 tret 57 (1 57
y(x® — 12z)dzdy = y(x® = 12z)dz | dy = — [ ydy = —.
R 0 L/-2 4 Jo 8
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O

14.2 Double integral over general regions

So far we have defined double integral over a rectangle. How can we define
double integral on general domains?

Now we define the integral of more general functions.

P
N

Figure 14.3: Partitioning of nonrectangular region

We proceed as befre, but only count the sub-rectangle completely contained

in the region:

S=R(f) =Y fleij)Adi, (14.3)

where the sum is taken over subrectangles completely contained in the region.
If this limit exists as ||P|| — 0 we define it as a double integral.

For computational purpose, we classify the regions.

Definition 14.2.1. Elementary regions

Yy Yy
y = ¢2(x) d
z = 2(y)
Y
z =P1(y)
y=¢1(x)
c
x T
a x b
(a) region of type 1 (b) region of type 2

Figure 14.4: region of type 1, region of type 2
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There are three kind of elementary regions: Let y = ¢1(x), y = ¢2(z) be
two continuous functions satisfying ¢1(x) < ¢o(z) for x € [a,b]. Then the
region

D={(z,y)|a<z<b ¢i(z) <y < da()}

is called region of type 1.
Now change the role of z, y as in figure 14.4 (b). If z = ¢1(y), © = ¥2(y),
satisfies 11 (y) < 9(y) for y € [e,d], then the region determined by

D={(z,y) |c<y<d, ¥i(y) <z <a(y)}

is called region of type 2. The region that is both Type 1 and Type 2 is

called region of type 3. These are called elementary regions.

Figure 14.5: Region of type 3

Properties of integral

Theorem 14.2.2. Let f, g be integrable over R, Ry, Ro. Then we have

(1) //Rcf(ac,y) dxdy = c/Rf(x,y) dxdy, ( c is constant).

@) [[ 1.0+ o) dedy

/ fxyda:dy+// (z,y) dxdy.

(3) Uf@w)zu/Rf@wMﬂwzo

M)ﬁfmwzwmw/éﬂawmwz/ﬂmmwmw.
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(5) If Ry and Ry do not meet, then for R = Ry U Ry
[ swwdsts= [[ gy s [[ oy dody
R Ry Ro

o | [[ g4 < [ aa.

Integrals over elementary regions(by extension to 0)

Now we are ready to define the integral of f defined on an elementary region.
The idea is to extend the function to a rectangular domain. Given a continuous

function f on D where D is an elementary region

D ={(z,y) | ¢1(x) Sy < ¢2(x), a<z b}

we consider a rectangle which contains D and extend f to R outside D by

Zero:

f(z,y), (z,y) €D
0, (x,y) € R\ D.

fe(w,y) =

Then f¢*! has discontinuities on the graphs of y = ¢1(x), y = ¢2(x), a < z < b.
Hence it is integrable by Theorem ?7. Now we can define the integral of f

over R.

Definition 14.2.3. The integral of f is defined as

/ /D fepdd= [ /R £t (2, ) dA.

From this definition we have an important result useful in the computation

of double integral.

Theorem 14.2.4 (Fubini’s Theorem (Stronger form)). Let f be a continuous

on an elementary region D C R.

(1) If D is a domain of type 1, i.e, D = {(z,y) : $1(z) < y < da(2), a <

x < b} for some continuous functions ¢1, ¢, then f is integrable on D

/[ s | b [ /¢ ij)f(:v,y)dy] dr.

and
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Figure 14.6: Extension of a function

(2) Similarly if D is a domain of type 2, i.e, D = {(x,y) : ¥1(y) < x <
o (y), ¢ <y <d} for some continuous functions 11,1, then

/y;fCuy>¢4=1[d[[rsztaywm]dy

Proof. By Fubini theorem, we have

//Df(g;,y)dA _ //Dfm(a;,y)dA (14.4)
_ /ab /cd £ (2, y) dyda (14.5)
= /Cd/abfem(x,y)dzndy. (14.6)

For type 1 region, we see
d . P2(x)
/ [ @, y) dy = / f(z,y) dy.
c ¢1(x)
Hence by (14.5) we obtain (1). For type 2 region, we see
b . Y2 (y)
[ rtede= [ty do
a ¥1(y)

Hence by (14.5) we obtain (2). O
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Example 14.2.5. Find the following integral when D : 0 <z <1,z <y <1

//D(a: + y?) dady.

Figure 14.7: Region 0 <x <1,z <y <1

Use Fubini’s theorem

1 rl 1 ys 1
/ (z + 9?) dydx = / [xy + —} dx
0 T 0 3 T

O

Example 14.2.6. Find [[, 2%y dA where D is given by 0 < z, 32? <y <
4 — 22, (Figure 14.8)

Two curves y = 322 and y=4- 22 meet at the point (1,3). Hence

the integral becomes

1 pd—2? 1 2,2
/ / x2ydyda: :/ <—$ y )
0 Jaa2 0 2 ) |y=3s2

_ /01 <%2((4_$2)2 _ (3m2)2)> da

1
:—/ 2%(16 — 822 + 2* — 92*) dw
0

4—z2
dx

_ 136
105

O

Example 14.2.7. Find [[,(2*y+cosz) dA where D is given by 0 < z < 7/2,
0<y<u
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Figure 14.8: Domain of integration of example 14.2.6

// (z3y + cos ) dA
D
T/2 rx
:/ / (z3y + cos x)dy dx
0 0

/2 3,2 z w/2 5

:/ [&%-ycosaj] d:L‘:/ <x—+:vcoszv> dx
0 2 =0 0 2
6

m s

=4+ -1
3

O

Example 14.2.8. Find volume of tetrahedron bounded by the planes z =
0,y=0,2=0,y —x+ 2z = 1. (Fig 14.9)

We let z = f(z,y) =1 — y + x. Then the volume of tetrahedra is the
volume under the graph of f. Hence

//D(l—y—i—x)dA = /_(]1/01+m(1—y+x)dydx
0

291+
Y 1
= (1+x)y——] dr = .

O

Example 14.2.9. Let D be given by D = {(z,y)[0 <2z <In2, 0<y<
e? — 1}. Express the double integral

//Df(rc,y)dA
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I

Figure 14.9: Tetrahedra z =z —y + 1 of

Figure 14.10: 0 <ax <m <y <7

in two iterated integrals.

See figure 14.11. To view it as a region of type 1, the points of inter-
section is y =0, y = e* — 1(0 < 2 < In2). Hence

In2
/ / f(z,y) dydz.

As a y-simple region, the points of intersection is x = In(y + 1), z =
In2(0 <y <1). So the integral is

In2
/ / f(x,y) dzdy.
In(y+1)
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Example 14.2.10. Given domain D (Fig. 14.12) by

4—2:17§y§4—332, 0<x<2.

//D(1+:1:)dA.

This region is of third kind.

Find

2 rd—z? 2 A2
/ / (1+ z)dydr = / (14 )yl =45, dx
0 J4—2x 0
2
— / (—2® + 2% 4 22) da
0

gt a2 22 8
:[‘T?”]f?

On the other hand, as a function of y x = (4 —y)/2, z = /4 —y. So

4 r/i—y 4 2271%=VAY
// (1+a:)dxdy:/ [az+—] dy
0 Jd—y)/2 0 2 |a—(a—y)/2
4

:/0 (M— (4_8y)2> dy

2 (4-y?1"
2y 32
[ A=y )
2243/2_4_:§
3 24 3
y
1
— T
In2

Figure 14.11: 0 <y <e* =1, 0<zx<In2

161
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Figure 14.12: 4 — 2z <y < 4 — 22

[

Figure 14.13: Region can be divided

Example 14.2.11 (Breaking into several pieces).

/fdA: fdA+ fdA+ fdA + fdA.
D D1 Do D3 Dy

See Figure 14.13

14.3 Area by double integral and Change order of

integration

Suppose D is of type 3. Then it is given by two ways:

p1(z) <y < oo(x), a<x<b
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and
Pi(y) <x <a(y), c<y < d.

Thus by Theorem 14.2.4

b roa(x) da(y
// f(sv,y)dAZ/ / f(ﬂc,y)dyd:cz/ / [(z,y) dxdy.
D a 1(z) P1(y)

Example 14.3.1. Compute by change of order of integration
a?—x? 1/2
/ / y2)1/2 dydz.

2_42)1/2 )1/2

@ [l 2 2v1/2 (@9 1/2
/0/0 (a* —y°) ' *dydx = // (a® — Y2 dzdy

1/2
(a® —y*)* dy

[ZL’(CL2 y )1/2](‘1 -y?)

0
a 3
= / (@ — ) dy = 2=

O

There are cases when the given integral is almost impossible to find, but if we

change the order the integral can be found.

/ / Smydyda:.
0 T Yy

It is not easy to find the integral as the given form. But if we change

Example 14.3.2. Find

the order of integration (fig ?7?)

/ / siny dydr = / / siny dxdy
T | sin y =
= dy

s
:/ siny dy = [—cosylj = 2.
0
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Figure 14.15: Change order of integration

Example 14.3.3. Find

Example 14.3.4. Find

2 4
/ / y cos(z?) dx dy.
0 Jy2

It is very difficult to find f;z cos(x?) dx. However, if we change the
order of integration to have (Figure 14.15)

2 4 4 T
//cos(acz)dxdy:// y cos(z?) dy dx
0 Jy? 0o Jo
4 2 VT

:/ %cos(aﬁ) dx
0 0
4
:/ gcos(ac2)dx
0
1 10 1
:—/ cos udu = — sin 16.
4 Jo 4
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14.3.1 Average value

Theorem 14.3.5. Suppose f : D — R is continuous on a region D and
m =minp f(z,y) < f(z,y) < M =maxp f(z,y). Then we have

mgﬁ//jjfdAgM. (14.7)

Example 14.3.6. Estimate

dxdy

1
/Dx/l—l—acﬁ—i-zﬂ

where D is the unit square. Then we can easily see the following holds.

Lo 1 o

V3T T+a0+y7

Theorem 14.3.7. If f is continuous over a closed, bounded region D, then

there is a point (xg,yo) € D such that
fo) = 55 ] f
20,90) = < :
"R AD) J b

14.4 Double integral in polar coordinate form

Sometimes a domain is given in polar coordinate. In this case the double

integral is easier to perform in polar coordinate. We are given a region D by
D =A{(r,0) | ¢:1(0) <7 < ¢2(0), a<0<p}

Its boundary is described by the curves r = ¢1(0), r = ¢2(f) and 0 = «, 6 = .
We divide D by the curves r = constant and the lines given by § = constant(fig
14.16), i.e., with Ar =r/m, A0 = (8 — «)/l, we have

ro = Ar, 11 = 2Ar, ... Tyme1 = MAT,

and
bo=a, O =a+ A0, ..., 611 =a+1A0 =p.

Each small curved rectangle shaped region is called a polar rectangle. It is

obtained by subtracting the inner sector from the outer sector (Fig. 14.17).
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Figure 14.16: Partition in polar coordinate

Ar Ar

(]
T — Ar/2 (rr, 0) Tk (™ O

AO AG
re + AT/Q re + Ar

— [

Figure 14.17: Area of polar sector

We label them as AAq,...,AA,.

Choose any point (7, 0) in AA, and consider the Riemann sum
R(f,n) = Sn =Y f(rr, 0x) AAL.
k=1

Let § = max; j{Ar;, A;}. If the limit lim,_,o R(f,n) exists (as 6 approaches
0), then it is defined as the integral of f on D and we write

/ /D F(r,0) dA.

How to evaluate the integral [/ p f(r,0)dA? For convenience assume the
point (rg,0y) is at the center of AAy(Figure 14.17, left). The area of AAy is

1 Ar\? 1 Ar\?
3 <7’k + 7) Af — 3 <7‘k — 7) Al = rArAf.
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Another way: If we let rp denote the inner radius, the area of outer sector

minus inner sector(figure 14.17, right) is
1 2 Lo L2
5(7% + Ar)cAf — érkAH = rp.ArAf + §A7‘ AG.

Hence the Riemann sum is

n

R(f,n) = (double sum) >  f(rg, 0)re ArAH + O(AT?AB).
k=1

As n — oo, this approaches [, f(r,0)r drdf.

Proposition 14.4.1. If D is given by D = {(r,0) | ¢1(0) < r < ¢2(0),a <
0 < B}, the integral of f can be evaluated as the iterated integral:

/ /D F(r,0)dA = /a ’ /¢ T:j) F£(r,0)r drdo.

Example 14.4.2. D is the disk of radius a about the origin. Find

// T+ dA.
D

Use polar coordinate 22 + y? = r2, dA = rdrdf. Then

27 a 5 2T 672 r=a 2
/ / e rdrdd = / — df =m(e* —1).
o Jo 0 2 0

O
Example 14.4.3. Find the area of the region inside the cardioid » = 1 —sin .

Refer to Fig 14.18 for the cardioid. We see 0 < r <1 —sin6

2w pr=1—sinf o2 7"2 r=1—sin
/ / rdrdf = / [—] db
0o Jr=o o L2],-

_/2“ (1 — sin)? "
= =

2m
= %/0 (1 —2sin @ + sin?0) db

1 [% 1—cos?2
:5/ (1—2sin0+%0)d6
0
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r=1-—sinf

Figure 14.18: r =1 —sinf

9 sin201*
¢9+2cos¢9+——sm
2 4 |,

BRI o DO
]

O

Example 14.4.4. The area inside of the cardioid » = 1 + cos# and outside

of the unit circle r = 1.

r=1+4 cosf

Figure 14.19: Find the limits of integral r =1, r = 1 4 cos 8

Example 14.4.5. Find the area of the region bounded by the curve r =

1 + 2 cos 0 except the smaller one.
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Figure 14.20: r =14 2cos 6

This graph is symmetric about z-axis. When 6 = 0, it passes (3,0),
and when 6 = 7/2 it passes (0,1), when 6 = 27/3, it passes the origin, when
0 = m, passes (1,0). Hence the graph is as figure 14.20. Hence the area
bounded by the curve is

2w /3  pl42cosé 2m/3
2/ / rdrdf :/ [TQ]éHCOS& do
0 0 0

2m/3
:/ (1+4cosf +4cos®0)df
0

= [0 + 4sin 0 + 20 +sin20]gﬂ/3
=27 + ¥

Meanwhile the area inside the inner curve is

™ 142 cos 6 T
2 / / rdrdf = / [#2] 2" dp
2m/3 J0 2m/3

:/ (1+4cosf+4cos®0)df
2m/3

= [0+ 4sin6 + 20 + sin 20]7_ 5

_3V3
s

So the desired area is (27 + 3v/3/2) — (7 — 3v/3/2) = 7 + 3/3.

More generally, we obtain (Need to explain the mapping T)
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0| —

D*
01 — 02

Example 14.4.6. Change the integral [[ f(z,y)dzdy to polar coordinate.

Since x = rcosf, y = rsinf, we can let T'(r,8) = (rcosf,rsinf).

Then Jacobian is

or Ox :
‘ —gr —29 ‘ _ cos —rsinf .
Y Y : ’
5 50 sinf rcosf

Hence

// f(z,y) dxdy = //f(rcos@,rsin@) rdrdf.

Example 14.4.7. D is between two concentric circles: z2 +y% = 4, 22 +9% =
1(xz,y > 0). Find the integral

// Va2 +y? + 1dxdy.
D

Here D is the quoter of the annulus v1 — 22 < y < V4 — 22.

Use polar coordinate. We see the domain of integration in (r,0) is

D*={(r,0)|]1 <r<2,0<6<xw/2}.
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// Va2 +y2+ ldedy = // Vr2 4+ 1rdrdf
D *
w/2 2 1
_ / / S V2 L(2r)drdo
0 1
/2
= [ g0+
o 3

w/2 1

Example 14.4.8. D is the region between two concentric circles in the first
quadrant: 1 < 22 4 y% < 4, (z,y > 0). Find the integral

// log(z? + y?)dzdy.
D

Use polar coordinate. Since the boundary of the region are described by
r=1,20<60<m7/2 welet D* =[1,2] x [0,7/2] and T(r,0) = (r cosf,sinf).
Then T'(D*) = D and

// log(z? + y?)dzdy = // (log r2)rdrdf
D *
2 pm/2
= / / 2r log rdfdr
1 Jo
2

= / nr log rdr
1

r2 r2 2
= 1 _
g2

3
= 71(2log2 — 2).
m(2log 4)

Example 14.4.9 (The Gaussian integral). Show that

/ e dr = /7.

—00
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To compute this, let us first observe

oo 2 0 o
</ e_mzd:L") :/ e_x2dx/ eV dy

Thus it is necessary to compute

// e_(m2+y2)d:£dy.
9 9 21 21 1 5
// e~ @) dedy = / / " drdf —/ <—§e_r )
a 0

= ——/ (e” o’ —1)d9:7r(1—e_“2).
0

2

Let a — co. Then we obtain the result.

Example 14.4.10. Evaluate

/ / ¢V dudy,
R

where R is the semi circular region 0 < y < v/1 — 22

To compute this, we see

s 1
// vy’ dedy = / / e rdrdf
R 0o Jo

(e —1)do

(e —1).

Il
h
N | —

b | 3

14.5 'Triple integrals in rectangular coordinates

Definition 14.5.1. Assume D = [a,b] X [¢,d] X [p,q] be a box. Then we

subdivide intervals [a, ], [c,d] and [p, ¢] into n -intervals
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Figure 14.21: partition of a box region

a=xg<x1 < - <xTpp =",
c=yo<yr<- - <yp=d,
Pp=z <z <---<zp=4q,

and call the resulting subboxes Djj, = [x;—1,2s] X [yj—1,Y;] X [2k—1,2x] a par-
tition of D.

Definition 14.5.2. We let

Azi =z — w1, Ayj=y; —yj—1 and Az = 23, — 251

We partition the box into small n3- subboxes as in Fig 14.21, and de-
note the volume of each subbox as AV, (4,7,k = 1,...,n) and let ||P| =

max; j x{ Az, Ayj, Az, }. Then the Riemann sum becomes

R(f,n) =S = Z f(cijr)AViji.

1,5,k=1

Here c;5;, is any point in the subbox Djji.

Definition 14.5.3. If lim,, S,, = S exists independently of the choice of ¢;j,

then we say f is integrable in D and call S the triple integral and we write

[ ([ e [ e
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Reduction to iterated integral

Theorem 14.5.4 (Fubini’s theorem). Suppose f is continuous on D = [a, b] X
[c,d] x [p,q]. Then the triple integral [[[, f(z,y,z)dxdydz equals with any of

the following integrals.

q prd b q rb pd
///f(x,y,Z)dwdydz, ///f(x,y,Z)dydxdz
p c a P a c
b prd pq
///f(x,y,z)dzdydw, etc.
a Jc Jp

[ff
D

where D is the unit cube at origin.

Example 14.5.5.

Elementary regions

[sketch the region]

Definition 14.5.6. A region D is elementary regions if the points lie be-
tween graph of continuous functions of two variables, and the domain of these
functions is elementary. If f is continuous on D, then we extend f on a box

E containing D

f(z,y,2), (v,y,2) €D
0, (z,y,2) € E\ D

/Dfdvz//Dde:///Efde

If f =1, the volume of D is defined as

ol

Suppose R is an elementary region in zy-plane and there are continuous

@y, 2) =

and define

functions v1(x,y), v2(x,y) such that

D= {(z,y,2) | n(z,y) <z <ylz,y), (z,y) € R} (14.8)

Then this is called an elementary region of type 1.
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Figure 14.22: elementary region of type 1

If roles of x, z are interchanged, i.e,

D = {(x,y, Z) | ’71(y,Z) S < 72(y7z)7 (y,z) € R} (149)

for some elementary region R in (y, z)-plane, then it is called an elementary
region of type 2.
Similarly, we can define an elementary region of type 3 and an ele-

mentary region of type 4.

Example 14.5.7. Describe the unit ball as an elementary region.

The domain of defining function is described by
—V1-22<y<V1-22 —-1<zx<1

while the functions are

—V1—-22—y2<2<+/1—22—9y2 on the unit disk.

Integrals over elementary regions

Suppose D is defined by

D ={(z,y,2) | m(z,y) <z < ylz,y), (z,y)€ R},
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Figure 14.23: elementary region of 2

where R is a type 1 region in xy-plane

R={(z,y) | p1(z) <y < ¢2(x), a<z <D}

Then the integral is given by

//Dde://R/f(w,y,z)dsz

boroe(z) rr2(zy)
= / / / f(z,y, 2) dzdydz.
a Joéi(z) Jn(zy)

Example 14.5.8. Find the volume of radius 1.

z z=—1—22—y?

Figure 14.24: 22 + 2 + 22 =1
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Unit ball is described by 22432+ 22 < 1. The volume is (Figure 14.24)
/ 1dV, D= {(z,y,2)|2®>+y*+22 <1}
D

Here we can take R = {(x,9) | 2> + 3> <1} and D = {—/1 —22 —y2 < 2 <

V1 —22—4y?% (z,y) € R}. Hence
1— x2—y
// / dzdydx = // / 1dzdydx
1— mz—y
:2/ V1—22 —y?dydr
R
1 V1—x2
:2/ / V1 —x2 —y?dydx.
-1J—V1-22

Let V1 — 22 = a. The inner integral is area of semi circle or radius a

"
V1—a22 -2 dy—2/ Va2 —y2dy = a*n = (1 — 2?)7.
—V/1—22
Hence
1 Va2 1
2/ \/1—3:2—y2dyd:n:/ (1—2®)ndx
-1J—V1-22 —1

Other type of elementary regions can be described similarly. If a region can
be described in all three ways we call these regions symmetric elementary

regions.

Example 14.5.9. Let D be the region bounded by x +y + 2 = 1, x = 0,

y =0, 2=0. Find
/// (14 2z)dzdydz.
D
Let R={(z,y) |0<y<1—2z, 0<ax<1}. Then D is described by

D={(z,y,2) |[0<2<1—-2—y, (z,y)€R}
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r+y+z=1

\
r+y=1 Y

Figure 14.25: s +y+2z=1

and integrate along z direction.

/ / /D (1+ 2z) dadydz = / /R [z + 22, " dady
=l-z

:/ol/yy (1o —y+ (1 —a—y)?*) dyds
:/01 [_ 1—x—y)? - (1_x_y)3:|y:1—m .

Figure 14.26: z = 22 + 4%, 2 =2

Example 14.5.10. Let W be bounded by = 0,y = 0, z = 2 and the surface
2z =22 + y? where > 0,y > 0. Find fffW x drdydz.
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Methodl. We describe the region by type 1.

0<z<V2, 0<y<v2—22 224+¢y><2<2

///dexdydz = /0\/§ [/()\/m(/x;y2 xdz)dy] dx

8v/2

15
Method2. We describe the region by type 2: Solving for z, ie, 0 < z <
(z—3?)Y2, (y,2) € R where R is given by the relation

Then

(z—y?)*/?
/// rdrdydz = // </ :Edﬂ:) dydz
w R \Jo
2 p2/2 9
= / / S dydz
o Jo 2
2 p2/2 9
= / / S dydz
0o Jo 2

O

Example 14.5.11 (Example 1 p.911). Find the volume of the region D
bounded by z = 22 + 3y? and z = 8 — 22 — 32,

We describe the region by type 1. First find the intersections of two
surfaces. Set 2 + 3y? = 8 — 22 — y? to get 22 + 2y? = 4. The the domain is
the ellipse 22 + 2y = 4.

—2<x<2 —\/(@d—-22)/2<y<\(4—2?)/2, 22 4+3y% < 2 < 8—a?—y>.
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V(D) = ///Dal,zclgnczly:/_22

2 4 (4-22)/2
= / [2(8 — 2%y — —yg] dx
) 37 ],

(4=22)/2
2/ (8 — 222 — 4y*)dy | da
0

= 812
O
Example 14.5.12. Evaluate
1 T 2
/// dzdydzx.
0 Jo Jx24y2?
Sketch region first.
1 T 2 1 T
/// dzdydx = //(2—x2—y2)dydx
0 JOo Jax2+4y? 0 Jo
1 T y3 x
= // (2y — 2%y — )| da
o Jo 3o
1z 3 41
4 2
= //(Qx—i)dx:x2—x— =-.
o Jo 3 31, 3
O

Example 14.5.13. Find the common region of two cylinders (Figure 14.27)
2?4+ <1, 224+ 22<1 (2>0).

V1—x2 1 V1—x2
// / dzdxdy = / V1 — x2dydz
x24+y2<1J0

—1J-v1=22

Example 14.5.14. Find the region bounded by two paraboloid z = z? + 1>
and z = 2 — 322 — y%. (Figure 14.28)
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Figure 14.27: common region of two cylinders

The intersection is the curve x2 + y2 =23z — y2, i.e, 222 + y2 =1.
If we let R = {(z,y): 202 + 3 < 1} this region is 1st kind on R. Hence

/// drdydz = // (2 — 322 — 9?) — (2% + y?) dwdy
D 222 4+y2<1

= // (2 — 42® — 2¢°) dxdy.
2x24y2<1

Now use polar coordinate x = r cos 0/\/5, y =rsinf. Then dxdy = r/\/idrdH.

Hence

2
% /0 /<1(2 — 2r2)r drdf
T

L)
= — r- - — = —.
V2 Jo 4 1o V2
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z2=2—3z% —?

Figure 14.28: z = 22 + %, 2 = 2 — 322 — ¢/?

Average

In R"(n = 1,2,3), the average of a function f defined on I( D or W)is defined

as

P f@de [P f(@)de
fow = f; de  length of [a,b]’ (14.10)
oo = Mo HpfBnch
 fflw t@de [[fy f(@)da
Jau = fﬁw awv VollT/me of W~ (14.12)

Example 14.5.15. Find average of f(x,y) = wsin?(xzy) over D = [0, 7] x
[0, 7].

14.6 Mass, Moments and Center of Mass

14.6.1 Mass and Moments
Moment in 1 D

When a material with density d(z) is placed on an interval I of the x- axis,
then the mass on the part [x,z + Ax| is (approx.) d(z)Axz. The total mass
lying on the interval I is =~ ), §(x;)Az;. Taking the limit,

M = /Ié(x)dx
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and the moment is

/x&(x) dzx.
I
We choose a point Z so that the moment w.r.t Z is zero.
B _ _ [ xé(z) dx
/I(az Z)o(z)de =0=1T = To@)de

Moment in 2 D

For 2-D, we have

Definition 14.6.1 (Moment, center of mass). Let §(z,y) be the density of
some material lying on a region R in the plane. The mass of this material
occupying the place [z,x + Az| X [y,y + Ay] is = d(x,y)AzAy, and in the

limit
The total mass M = // d(z,y)dzdy,
R

The moment w.r.t z-axis M, = // yo(z,y) dzxdy,
R

The moment w.r.t y-axis M, = // x0(x,y) dxdy.
R

The center of mass (7,7) is defined as

. My ffR xd(z,y) dxdy

M [[po(ey)dudy
M, [[gyd(z,y) dedy
Y= ~ [Jgd(x,y) dedy

The center of mass is defined so that it satisfies
My = [ (@ 2)6(,y) dody =0
R
My = // (x —9)o(z,y) dedy = 0.
R

Example 14.6.2. A solid body occupies the region between y = z, y = 22.

The density is given by d(x,y) = z. Find the mass and M,.
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Cé¢nter of mass

\
o
| |

0] T T

Figure 14.29: Vertical strip of mass Am

Mass is

1 T 1
M:/ / xdydm:/ x[yl!—7, da
0 Ja2 0 v=
1 3 471
9 3 T x 1
= — d = | — — — = —
/0 (@7 —2%)de [3 4]0 12

and M, is
1 pz Lory27v=e
Mm:/ / yxdydx:/ x [—] dz
0 502 0 2 y:,g[j2

1 4 671
T, 9 4 T T 1
/0 gl —a)de [8 12]0 24

When the density § = 1, the center of mass is also called the centroid.

Example 14.6.3. Find the centroid of the region bounded by y = =, y = 22.

1 gz 1 1 1
M = / / ldydx = / [y]oe dz = / (z — z?)dz = =,
0 Ja2 0 0 6
1z 1p,27% 1.2 4
_ _ [ e I
Mm—/o/m2ydydx—/0 [ZLde—/O(Z 2)d$—15,
1z 1 1 1
M, = / / xdydx = / zlylis doe = / (2% — 23)dz = —.
0 Ja2 0 0 12
Hence

1/12 1 1/15 2
/6 2’ 5

&Kl
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T Y

Figure 14.30: Region of 0 < z < 4 — 22 — ¢/?

Moment in 3 D

For 3-D, we have

Definition 14.6.4 (Moment, center of mass). Let d(x,y, z) be the density of

some material occupying some region R in R3. Then

The mass M = // 0(z,y, z)dxdydz,
The moment w.r.t yz- plane M,, = /// xd(z,y, z) dedydz,
R
The moment w.r.t xz- plane M,, = /// yo(x,y, z) dedydz,
R

The moment w.r.t zy- plane M., = /// 20(z,y, z) dedydz.
R

The center of mass (Z,7, z) is defined as

Myz Mmz Mxy

Example 14.6.5. Find the center of mass of a solid of constant density ¢
bounded by the disk 22 + 32 < 4 in the plan z = 0 and the paraboloid
z=4— 2% —y2 (Fig 14.30)
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Hence

Moment of inertia

Assume a mass is occupying the region R. The moment of inertia w.r.t a line L is

/// r*(x,y, 2)8(x, y, ) dedydz,
R

where r(x,y, z) is the distance from the line L to the point. If L is the x (or

Y, z) axis, the moment of inertia w.r.t a line z-axis is (resp.)

Im:///R(y2+z2)5dV, I :///R(x2+z2)5dv, IZ:///R(:U2+y2)5dV

Example 14.6.6. A thin plate is covering the triangular region bounded by
x axis, x = 1, y = 2z. The plate density is § = 6(z +y+1). Find the moment

of inertia of the plate about the coordinate axes and the origin.

1 2x
I, :// yé(az y)dydz

—fO 0 “6y2(z +y + 1)dydx

3 y=2x
2xy + y + 2y dx
y=0
/ 402" + 162°) dx

8:13 —|—4£E —12

sol.

I, Iy can be similarly obtained.
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14.7 'Triple integrals in Cylindrical and Spherical
Coordinate
Cylindrical coordinate system

Given a point P = (z,y, z), we can use polar coordinate for (x,y)-plane. Then
it holds that

r = rcosf,
Cylindrical to Cartesain y = rsiné,
z = 2z

We say (1,6, z) is cylindrical coordinate of P.

The expression (r, 0, z) is not unique.
Example 14.7.1. The set of all points » = a in cylindrical coordinate is
{(z,y,2) | 2® +y* = a®}.
This is a cylinder (Figure 14.31).
Example 14.7.2. The equation r = 3 cos 8 gives
r? = 3rcosf = z® + y? = 3z.

This holds for all z. This is again a cylinder.

Example 14.7.3. Identify the surface given by the equation z = 2r in cylin-

drical coordinate.

Squaring, we have 22 = 472 = 4(x? + y?). The section z = c is
c? = 4(z? + y?), while with x = 0 we have z = +y. With y = 0 we have

z = +x. Thus this is a cone.
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rdf

A sector of a cylinder

Figure 14.31: cylindrical coordinate

O

Example 14.7.4. Change the equation 22 + 3% — 22 = 1 to cylindrical coor-

dinate.

r?—z2=1.

14.7.1 Integration in Cylindrical Coordinate

Let D be any region in R?. We describe it using the coordinate
r=rcosf, y=rsinh, z==z.

We partition the region D into small cylindrical wedges (Fig 14.31); Small
wedge given by

[Tk, e+ ATk] X [Qk, 0 + A@k] X [Zk, 2k + Azk]

has volume AV}, = AARAzp=rpArp A0 Azy. So the sum ), f(zk, yr, 2x) AVi

approaches

///D fz,y,2) dxdydz:// . f(rcosf,rsing, z)rdzdrdd. — (14.13)

Here D* is the region of described by the cylindrical coordinate (.6, z).
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How to integrate in cylindrical coordinate? (iterated integrals)
(1) Sketch the region D and its projection R on the xy plane.
(2) Find the z limits of integration: g¢1(r,0) < z < ga(r, 0).

(3) Find the r limits of integration : hi(0) < r < ha(0).

(4) Find the 6 limits of integration : o < 0 < 8 and set

r=ha(0 z= gg(r@
// f(x,y, z) dedydz —/ / / (r,0,z)dzdrdd.
r= z=g1(r,0)

Example 14.7.5. Find the centroid of the solid bounded by the cylinder
2 + y2 = 4 between 0 < z < 22 4+ y2. Sol. We need (Z,7, Z). By symmetry

we have T =g = 0. To find z = % we need to compute

M = /// dzrdrdd, My, = /// zdz rdrdf.

(1) Sketch the region.

2) Find the z limits of integration : 0 < z < a2 + y2 = r2.
(2) g y

(3) Find the r limits of integration : 0 < r < 2.

(4) Find the 6 limits of integration : 0 < 6 < 2.

2 2 r2 21 2 r2 39
M = / / / dzrdrdd = 8n, My, = / / / zdzrdrdd = —.
o Jo Jo o Jo Jo 3

Therefore
_ Mxy 4
Z=—" =_

M 3
14.7.2 Integration in spherical coordinate system
We call (p, ¢,0) to be the spherical coordinate of P(z,y, z) if
(1) p is the distance from P to the origin
(2) ¢ is the angle that makes with positive z axis

(3) 6 is the angle from cylindrical coordinate.
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psing <\, \‘;(/-\ psin pAf

Figure 14.32: Spherical coordinate

For the point P(x,y, z) we have

x = psin¢cos p>0
Spherical to Cartesian ¢ y = psin ¢sinf 0<6<2rm
2= pcosé 0<o¢<m

Example 14.7.6. (1) Find the spherical coord. of (1,—1,1).
(2) Find the cartesian coord. of (3,7/6,7/4).
(3) Find the spherical coord. of (2,—3,6).
(4) Find the spherical coord. of (—3,—3,v/6).
sol) (1) p=+/3.

Z 1
¢ =cos H(Z) =cosTH(—=) ~ 0.955 ~ 54.74°.
p V3

Since the point (1,—1) lies in the 4-th quadrant, we see

0 =2+ arctan(y) = 27 + arctan(—1) = e
T
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(B)p=v22+(-3)2+62=/22+(-3)2+62="7.

= cos_l(z) = cos™! <g> .

To find 6, we see tanf = —3/2. Since the point lies in the fourth quadrant,
we have
0 =21 + tan~ ' (—3/2).

(4)
p=vV9I+9+6=2V6
o [ YO LT
¢ = cos* <2—\/6> = cos 1(5)— 3

-1
f=m+tan (—)=nm+ Z- %T( 3rd quadrant).

Hence the spherical coordinate is (2v/6, 7/3, 57 /4).
O

Example 14.7.7. Express the surface 22 + y? + (z — 1)? = 1 using spherical
coordinate.

P> —2pcosp+1=1— p2=2¢.
Example 14.7.8. Express the cone x = x2 + y? using spherical coordinate.

™

pcos¢ = psing — ¢ = 1

Example 14.7.9. Express the surface (1) zz =1 and (2) 22 +y> — 22 =1 in

spherical coordinate.
sol) (1) Since xz = p?sin¢cosfcos ¢ = 1, we have the equation
p?sin 26 cos ¢ = 2.

(2) Since 22 +y?—2% = 22 +9? +22 222 = p>—2(pcos ¢)? = p?(1—2cos? @),
the equation is p?(1 — 2cos? ¢) = 1.
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Figure 14.33: Partition in spherical coordinate

Volumes in Spherical Coordinate-Geometric Derivation

Consider the small region bounded by the following conditions: (Fig.14.33)
po<p<potAp, ¢o<d<do+Ap, O<0<60+ Ab.

The region is between two spheres of radius pg, po + Ap, two cones ¢ = ¢y,
¢ = ¢p + A¢ and two planes 0 = 0y, 0 = 0y + A6.

Remark 14.7.10. This region corresponds to a ’box’ in (p, ¢,0) coordinate:
[P0, po + Ap] X [¢o, o + A X [0o, 0o + AF].

First let us find the area of the region AS bounded by 6y < 6 < 6y + A6,
0o < ¢ < ¢pg+ Ag on the sphere of radius p. The distance from a point on the
surface to the z-axis is psin¢. When Ap and Af are small, this rectangular

like region on the sphere can be approximated by rectangle whose base is
psin ¢AG, height is pAg:

AS = p? sin pAPAS.

Now consider the solid formed by this region with thickness Ap. Then its
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volume is
AV = p? sin pApAGA.

Hence, as in the early discussions, the volume of D is defined as

///pdv:///p%iwdpd‘ﬁde (14.14)

and for a continuous function f on D, the integral is defined as

//Dfdvz///f(p"f”e)PzSin‘f’dde@- (14.15)

How to integrate in Spherical coordinates

Let D be the region determined by
D ={(p;$,0) : 91(6,0) < p < g2(¢,0), 1 < ¢ < hy,a <0 < B}.

To evaluate [[[,, fdV = [ [ [ f(p,¢,0)p?sin ¢ dp d¢ df we proceed as follows:
(1) Sketch the region D and project it onto xy plane.
(2) Find the p limit of the integration (g1(¢,0) < p < g2(¢,0))
(3) Find the ¢ limit of the integration (hi(0) < ¢ < ha(0))
(4) Find the € limit of the integration

Example 14.7.11. Find the volume of the "ice cream cone” D cut from the
solid p < 1 by the cone ¢ = 7/3.
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p<1, ¢<m/3
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p*sin ¢dp dop d

[fforane
_ //0 /p2sin¢d,od¢d9

0 1

2r  pm/3 (,)03
= / / [—] sin ¢ d¢ df
o Jo 3 1o
2 7r/31
= / / —sin ¢ do db
o Jo 3

2m 1 w/3
= / [—— cos gb] do
0 3 0

O

Example 14.7.12. Compute the moment of inertia of about z-axis of the

solid occupying the same region as above with density § = 1.

The moment of inertia is by spherical coordinate,

IZ:///D(:E2+y2)dV:///Dp2sin2¢pzsinqbdpd¢d9.

Changing it to an iterated integral, we have

I, =

/ / / ptsin® ¢dp do do
D

2r  pm/3 pl
/ / / p*sin® ¢dp dop do
0 0 0

or pm/3 1,571
/ / /[”—] sin® ¢ dep df
0 0 0 i) 0

27

w/3
/ / (1 — cos® ¢) sin ¢ dep df
0
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Example 14.7.13. Compute

/// exp(z? + 42 + 22)3/24V,
W

where W is the unit ball.
By spherical coordinate,

/// exp(z? 4+ y? + 22)32dv = /// er”S sin ¢df do dp.
W *

Changing it to an iterated integral, we have

1 pm 27
/ / / p* e’ sin odb do dp
0o Jo Jo

1 ™
= 27T/ / pzepgsinqbdqﬁdp
0o Jo
1

4
= 47T/ p2e” dp = —m(e—1).
0 3

14.8 Substitution-Change of variables

We recall one variable case: If z : [a,b] — [c,d] is C! function and f : [c,d] — R
is integrable, then the integral of f on [c, d] can be changed to an integral over
[a,b] by

d b
/f(x)dx:/ f(z(t)2! (t)dt. (14.16)

Here the change in the integrand is just the linear scaling factor 2/(t) and the
change in the domain is again a linear scaling to [a, b]. But for functions with
two or more variables, the situation is not so simple, because the shape of

domain change nontrivially.

// f(z,y)dzdy = / f(z(u,v),y(u,v))( some factor )dudv — (14.17)
D D~

Let F(u,v) = f(z(u,v),y(u,v)) and recalling the definition of integral, we see

nlLrI;OZf(wi,yi)AAi(x,y) = JLII;OZF(u,-,vi)AA,-(u,v). (14.18)

i=1 i=1
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Vo

oo

Figure 14.34: Inverse image of a polar rectangle

One-to-one map and onto map

Definition 14.8.1. A map T is called one to one on D*, if for (u,v) and
(u',v") € D*, T(u,v) =T (v ,v") implies (u,v) = (u',0").

Example 14.8.2. Show the polar coordinate map 7' = T'(r,0) = (r cos 6, r sin §)

is not one-to-one. But it is so if we restrict to the region 0 < 6 < 27.

Definition 14.8.3. A map T is called onto D, if for every point (z,y) € D
there exists at least a point (u,v) € D such that T'(u,v) = (x,y).

Thus if T is onto then we can solve the equation T'(u,v) = (z,y). If, in

addition, 7" is one-to-one, the solution is unique.

Example 14.8.4. A linear transform Ax from R™ to R™ given by a matrix A

is one to one and onto if det A # 0.

Example 14.8.5. Let D be the region in the first quadrant lying between
concentric circles r = a,r = b and 0; < 6 < 0. (Fig. 14.34) Let

T(r,0) = (rcosf,rsinb)

be the polar coordinate map. Find a region D* in (r,6) coordinate plane such
that D = T(D*).

In D, we see

Hence
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Coordinate transformations

Let D* be a region in R2. Suppose T is C'-map D* — R2. We denote the
image by D = T(D*). (Fig 14.35)

T(D") ={(z,y) | (x,y) = T(u,v), (u,v) € D"},

D*

Figure 14.35: The transformation T maps D* to D

Example 14.8.6. Let D* be the rectangle D* = [0,1] x [0,1] in (u,v) plane.
Find the image of D* under T'= T'(u,v) = (u + 3, § +v) and the area.

The image is a parallelogram (Figure 14.40) formed by two vectors
(1,2),(3,1) and the area is

We remark that these vectors are two columns of the derivative DT
O

From this example it is not difficult to guess the following change of variable

form:

J[ sttty = [[ st o] 520

which is correct when f = constant and T is a linear map. Indeed, this is true

dudv (14.19)

in general, we will see it soon.

Jacobian Determinant-measures change of area

We first see how the area of a region changes under a linear map. Let D* =
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Figure 14.36: The image of a rectangle under a linear transform 7T°

[0,1] x [0, 1], and construct a linear map 7" that maps D* onto a parallelogram
D (See Figure 14.40). Consider the vector c¢; := ay — aj, ¢z := a4 — a1, and

set (one may assume a; = 0)
T(u,v) = ciu + cov + a3 = c1u + cov.

Then we can check T'(u,0) maps the line segment {0 < u < 1,v = 0} to the
side ajagz. Similarly, 7(0,v) maps the line segment {0 < v < 1,u = 0} to the
side ajay. Hence we conclude T is the desired map. The two tangent vectors
to D at the origin are

T, = ay—aj

TU = a4 — aj.

The area of the parallelogram D is ||(ag — a1) X (a4 — a1)|| (viewed as three
dimensional vectors) But this is nothing but the absolute value of the deter-

minant of the derivative of T'. Thus
Area(D) = |J|,

where

or oz
J— 8($ay) — det (gZ 81}) — |DT‘

d(u,v) 5 %

J is called the Jacobian of T'. Hence we see the rectangle of dimensions Aw,

Awv along u, v direction is mapped to a parallelogram with area |J|AuAwv.

Thus for the area change, we have

Theorem 14.8.7. Let A be a 2 x 2 matriz with non zero determinant. Let T
be a linear transformation given by T'(x) = Ax. Then T maps a parallelogram
D* onto the parallelogram D = T (D*) and
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Area of D = |det A| - (Area of D).

Remark 14.8.8. (1) A similar statement holds for a linear map with nonzero

determinant from R3 to R3.

Example 14.8.9. Let T be ((z+y)/2, (x—y)/2) and let D be the square whose
vertices are (1,0),(0,1),(—1,0),(0,—1). Find a D* such that D = T'(D*).

Since T is linear T'(x) = Ax where A is 2 x 2 matrix whose determinant
is nonzero. T~ is also a linear transform. Hence by Theorem 14.8.7, D* must
be a parallelogram. To find D*, it suffices to find the inverse image of vertices.
It turns out that

D*=[-1,1] x [-1,1].

Now )
AD) = (V2)? =2, |det A] = 5 ADY) =4..

This idea can be generalized to non-linear mappings.

Change of variable in the definite integrals

Given two regions D and D*, a differentiable mapping 1" on D* with image D =
T(D*), we would like to express the integral [[}, f(z,y)dzdy as an integral

over D* of the composite function f oT. We write T as
T(u,v) = ((u,v), y(u,v)) for (u,v) € D*.
Then we have

J[ oty =[] sremn|Fey

As a special case, when f = 1, we obtain the area

//Dd””dy = //D !J!dudv://* 0z, y)

—| dudv. 14.21

0(u,v) uaw ( )
Example 14.8.10. Let D* be the rectangle D* = [0,1] x [0,7/3] in (r,0)
plane. Find the image of D* under T' = T'(r,6) = (r cos 6, rsinf).

dudv. (14.20)




200 CHAPTER 14. MULTIPLE INTEGRALS

/3

Figure 14.37: Map by polar coordinate

Let T(r,0) = (z,y). Then 224+ y2 =72 0<r <1 Thus D is the

circular sector 0 <r < 1,0 <60 < 7/3. (Figure 14.37)

O

Example 14.8.11. Evaluate

1 1—x

/ / VT + yy — 2x)%dydz.

0o Jo

Let us use the substitution u = x + y,v = y — 2z, so that
u v 2u v
- 2_Z === . 14.22
r=g-3 Y=o +3 ( )

One can find the limits of integration and find J(u,v)

%. To find the limit
of integration, we see Figure 14.38. and Table 14.1.

Table 14.1: Limit of integration for Example 14.8.11

zy eq. for boundary | uv eq. for boundary | Simplified
r+y=1 “g“+2“%:0 u=1
x=0 -3 v=1u

y=20 UL — () v=—2u
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Figure 14.38: Change of variables for Example 14.8.11

Hence we obtain

1 1—x 1 v=u
/ / vz +yly — 2x)%dyde = / Vuv?|J (u, v)|dvdu
0o Jo 0o Jo

=—2u

1/1 '1)3 u
= - \/ﬂ[—} du
3 0 3 —2u
1 1
= §/ Vau(u? + 8u?)du
0

1
2
/Ou du 9

O
Example 14.8.12. Evaluate
2 ry Y
/ / \/je\/x_ydajdy.
1 Jiy VT
We use the substitution u = /zy,v = \/% , so that
U
r=—, y=uv,u,v>0. (14.23)
v
We see
1 U
= — 2
J(u,v) =" | = ke
v v

(Note that if we integrate w.r.t u first, we run into trouble!) Once we find
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uv = 2

Figure 14.39: Change of variables for Example 14.8.12

Table 14.2: Limit of integration for Example 14.8.12

xy eq. for boundary | uv eq. for boundary | Simplified
y==x uy = = v=1(v>0)
zy =1 u=1 u=1
Yy =2 ’LL:\/QZL',U:\/% Uy = 2

the limits of integration(need the region D and D*) from Table 14.2, we obtain

// \/Qe\/@dwdy = // fue“2—ududv
RV T R v
2 r2/u
= // 2uedvdu
1 J1
2

= 2/ [vue“]zj/udu
1

1
= 2/ (2" — ue")du
0

= 2[(2e" — ue¥) + e]"=2 = 2e(e — 2).

Change of variable formula - general case

Above idea of computing area of D = T'(D*) can used when T is a differentiable
(nonlinear) mapping from a subset of R? to R? by using the linear(tangent

plane) approximation of T'. Let D* = [ug,uo + Au] X [vg,vg + Av] and D be
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the image of D* under T'. Consider

0z Au+ % Av + h.o.t
T(u,v) = z| x(up,vo) + gZ(uo,fuo) U+ gZ (uo,v0)Av + h.o (14.24)
Yy y(uo,v0) + g (w0, vo)Au + 32 (uo, vo)Av + h.o.t
In vector form, we have
A
7" =X =X+ D1 |7"| + hot
v v

and replace the map T by its linear part DT.

Geometric meaning of DT

Let
1 Oz Oz 1 Oz
I N A N 7
ou Ov ou
and
0 9z Oz 0 Oz
T,:=DT(uv) | | =| §v & = T
u v v

First we note that the two curves T'(-,v) and T'(u, -) describes the boundary
of D =T(D*) at T(u,v). First fix the v variable. Then T, is a tangent vector
to the curve T'(u,v)(as a function of u). Similarly, for each fixed u, T'(u,v)
represents a curve with v as a parameter. Hence T, is a tangent vector to the
curve T'(u,v).

Now the two tangent vectors
TuAu, T,Av

form a parallelogram approximating the region D(Figure 14.40). Hence the

area of the parallelogram is (the absolute value of)

ox ox Jxr Ox

9z N, Oz A Oz O

oult el | o e | Ayaw = QY Ny npe g A(DY).
guldu GrAv i oo O(u, v)

In other words  ||T3, x Ty||AuAv = |J|AulAv.

Summing over all subregions and taking the limit as Au, Av — 0 we obtain
the formula (14.21), (14.20).
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Figure 14.40: approximate T'(D*)

Change of Variables in Triple Integrals
Definition 14.8.13. Let 7' : R? — R3 be given by
T(u,v,w) = (x(u,v,w),y(u,v,w), z(u, v, w)).

The the Jacobian J is again, as 2D case, the determinant of the derivative

DT
ox ox ox

ou’ v’ Ow

g2 9@ya) il o oy
8(u v w) ou’ Ov’ Ow

’ 0z Oz Oz

du’ v’ Ow
The absolute value of this determinant is equal to the volume of paral-

lelepiped determ’d by the following vectors

B or., Oy. Oz

B oxr. Oy. 0z

B or, Oy. Oz
TU) %l—i—%J—F%k,

which is the absolute value of the triple product (recall Chap. 12.4)
[(Ty x Ty) - Ty| = [J].

Caution: Three vectors T,,T,, T, are column vectors of DT, but since

det(A) = det(AT) for any square matrix, we have

o(z,y,2)

/= O(u, v, w)

= det |T,, T, Tw].
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(u, v, w) (,9,2)

—1.5u — 0.2v — 0.1uv + 0.2w?
T = —0.1u + 0.7v + 0.1w

w + 0.1uv — 0.1u2 — 0.202

205

Figure 14.41: Deformed box and parallelepiped generated by tangent vectors.

Theorem 14.8.14. If T is a C'- map from D* onto D in R3 and f : D C

R3 — R is continuous, then

///Dda;dydz = /// |J| dudvdw,

(14.25)

/ / /D f(@,y, 2) dedydz = / / /D P, 0)) || dudvdw. - (14.26)

Example 14.8.15. Evaluate

3 4 py/241 f9n
/ / / < Ty + E) dxdydz
o Jo Jye 2 3

using the transformation

u= 2z —y)/2, v=y/2, w=z/3.

We see

r=u4+v, y=2v, z=3w.

We see ) ) )
g—ﬁ, g—‘g, g—i 1 10
J(u,v) = 5L, FE, £ =10 2 0/=6

du> v’ dw

One can find the limits of integration we obtain

(14.27)

(14.28)
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Figure 14.42: Transformation in Example 14.8.15

Table 14.3: Limit of integration for Example 14.8.15

xyz eq. for boundary | uvw eq. for boundary | Simplified eq.
x=1y/2 u+v=2v/2 u=0
r=y/2+1 u+v=2v0/2+1 u=1
y=20 20=0 v=20
y=4 20=4 v =2
z=0 3w=20 w=20
z=3 3w =3 w=1

//Dfd:cdydz /// u +w) | J|dudvdw
o L1 ]
oL )
o

(1 +2w) dw = 12.

Cyindrical Coordinate - revisited

Consider the cylindrical coordinate

(z(r,0,2),y(r,0,z2),2(r,0, 2)).
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The Jacobian of the mapping (1,0, z) — (x,y, z) is

o ) 3 96 @ cos@ —rsinf 0
x? y7z _ ay ay ay _ . _
=| 22 3 ZL |=|sinf rcosf 0| =r.
8(7« 0 Z) or 00 0z
o 9z 9z 9z 0 0 1
or 00 0Oz

///Df(x,y,z)dzndydz = ///*F(T,H,Z)dzrdrde,

Spherical Coordinate - revisited

Example 14.8.16. Derive the integration formula in spherical coordinate
using Theorem 14.8.14.

Spherical coordinate is given by
x = psingcosh, y=psingsinf, z= pcosda.

The Jacobian of the mapping (p, ¢,0) — (z,y, z) is

r Oz Oz

dp 9p 00

oz, y,2) _ dy 9y 9y
~ | 9 96 0

dp 06 00

singcosf pcospcos —psingsind

= | singsinf pcos¢sinf psin@cosb

cos ¢ —psin g 0
pcospcosf —psin@sinf
= cos ¢
pcos¢psing  psin ¢ cos
. 0 _psi 0
+ psind s%ngb(:f)s p.sm(bsm
singsinf  psin ¢ cos

= p%sin ¢(cos® ¢ + sin? @) = p? sin .
Hence

///Df(a:,y,z)dxdydz = // . Flp, 6,0)p sin 6 dp deb do.

Here F(p,¢,0) means f(z(p,®,0),y(p,d,0),z(p,¢,0)). This agrees with ear-
lier formula (14.14), (14.15) derived by geometric intuition.
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O

Example 14.8.17. The region D is given by

Find

// |xyz|dxdydz.
D

Let T(u,v,w) = (au,bv,cw). Then T maps the unit ball D* =
{(u,v,w) | u? +v%+w? < 1} to D one-to-one, onto fashion. Since J(T') = abc

we have
/// |xyz|dxdydz /// (abe)? luvw| du dv dw
D *
= 8/// (abe)*uvw du dv dw.
.

Here D7 denotes the region u > 0,v > 0,w > 0 among D*. Now use spherical

8/// (abe)*uvw du dv dw
*

w/2 /2 rl
= 8(abc)? / / / p° sin® ¢ cos ¢ sin 0 cos 0 dp de db
0 0 0

coordinate,

w/2 /2 p6 1
= 8(abc)2/ / [E} sin® ¢ cos ¢ sin 6 cos 6 de df
0 0 0

T/2 [ind /2
= é(abc)2/ [sm ﬂ sin 0 cos 6 df
3 0 0

4

1 /2
= —(abc)z/ sin 6 cos 6df
3 0

o1 L [sim20) 1,
= g(abc) [ 5 ]0 —E(abc).




